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DYNAMICS ON THE MORSE BOUNDARY
QING LIU
Abstract. Let X be a proper geodesic metric space and let G be a group of isometries of
X which acts geometrically. Cordes constructed the Morse boundary of X which generalizes
the contracting boundary for CAT(0) spaces and the visual boundary for hyperbolic spaces.
We characterize Morse elements in G by their fixed points on the Morse boundary ∂MX.
The dynamics on the Morse boundary is very similar to that of a δ-hyperbolic space. In
particular, we show that the action of G on ∂MX is minimal if G is not virtually cyclic.
We also get a uniform convergence result on the Morse boundary which gives us a weak
north-south dynamics for a Morse isometry. This generalizes the work of Murray in the case
of the contracting boundary of a CAT(0) space.
1. Introduction
In the study of hyperbolic spaces and hyperbolic groups, boundaries play a critical role.
The visual boundary of a hyperbolic space, is defined to be equivalence classes of geodesic
rays, where two geodesic rays are equivalent if their Hausdorff distance is finite. This bound-
ary is a quasi-isometry invariant. In particular, for a hyperbolic group, its boundary is
well-defined.
In a CAT(0) space, we can define the visual boundary. But it is not always a quasi-
isometry invariant. Charney and Sultan in [CS14] constructed a quasi-isometry invariant
boundary for any complete CAT(0) space using contracting rays. This boundary is called
the contracting boundary.
A key property of geodesics in a hyperbolic space is the Morse property which guarantees
that quasi-geodesics stay close to geodesics. Many non-hyperbolic spaces X also contain
some Morse geodesics and we can use these Morse geodesic rays to study hyperbolic-like
behavior in X. Cordes in [Cor17] constructed the Morse boundary for any proper geodesic
space containing a Morse ray. The Morse boundary is homeomorphic to the contracting
boundary and the visual boundary in the cases of proper CAT(0) spaces and hyperbolic
spaces, respectively. This boundary is a quasi-isometry invariant, so it is well-defined for a
finitely generated group.
As we known, the visual boundary is very useful to study the structure of hyperbolic
groups. The topology and dynamics on the boundary can give information about the geom-
etry of the original space and its isometries.
In the case of a CAT(0) space, Murray [Mur] studied the topological dynamics of actions
on the contracting boundary and he obtained many basic dynamical properties. Since the
Morse boundary is a generalization of the contracting boundary, it is natural to ask if similar
results hold. This is our goal in the current paper.
In this paper, we introduce and study the notion of a Morse isometry of a geodesic space
X. It is a generalization of a hyperbolic isometry in a hyperbolic space and a rank-one
isometry in a CAT(0) space. Briefly a Morse isometry is an isometry g which the orbit map
is a quasi-isometric embedding of 〈g〉 into X and its image is Morse in X. In particular, if
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DYNAMICS ON THE MORSE BOUNDARY 2
we consider a finitely generated group and its action on the Cayley graph, a Morse isometry
is also called a Morse element. We give a characterization of Morse elements in terms of
their fixed points on the Morse boundary. The notation Fix∂MX(g) represents fixed points
of g on the Morse boundary.
Theorem 4.6. Let G be a group acting geometrically on a proper geodesic space X. Let
g ∈ G be an infinite order element. Then the following are equivalent:
(1) Fix∂MX(g) is nonempty.
(2) For some x0 ∈ X (hence for any x0 ∈ X), there exists a Morse gauge N0 depending
only on x0 and g such that the geodesic [x0, gk(x0)] is N0-Morse for any k ∈ Z.
(3) Let η = [x0, g(x0)]. The bi-infinite path η+∞−∞ =
⋃
k∈Z gk(η) is a Morse quasi-geodesic.
In particular, the element g is Morse.
(4) Fix∂MX(g) has two distinct points.
We also show that dynamics of a Morse isometry g are very simple. For example, consider-
ing the action of g on X ∪∂MX, it contains two distinct fixed points on ∂MX, we say g+ and
g−. And for any point p ∈ X ∪ ∂MX other than {g−, g+}, the sequence {gn(p)} converges
to g+ and {g−n(p)} converges to g−. So g+ and g− are attractor and repeller points.
Actually, we prove a weak North-South dynamics for a Morse isometry.
Corollary 6.8. Let X be a proper geodesic space and x0 be a basepoint. Let g be a Morse
isometry of X. Given any open neighborhood U of g+ in ∂MXx0 and any compact set
K ⊂ ∂MXx0 with g− < K. There exists an integer n such that gn(K) ⊂ U .
More generally, we can prove the following theorem. It says that the action on the Morse
boundary behaves like a convergence group action.
Theorem 6.6. Let X be a proper geodesic space and x0 be a basepoint. Let {gn} be a
sequence of isometries of X. Assume that gn(x0) → p1 in ∂MXx0 and g−1n (x0) → p2 in
∂MXx0 . Given any open neighborhood U of p1 in ∂MXx0 and any compact set K ⊂ ∂MXx0
with p2 < K. There exists an integer k such that for all n > k we have gn(K) ⊂ U after
passing to a subsequence.
For a finitely generated group G, we call it non-elementary Morse if it has nonempty
Morse boundary and is not virtually cyclic. We also prove another topological dynamics
theorem that the action of a non-elementary Morse group G on its Morse boundary is
minimal.
Theorem 6.1. If a finitely generated group G is non-elementary Morse, then the action of
G on ∂MG is minimal, that is for any p ∈ ∂MG the orbit Gp is dense in ∂MG.
In our paper, the proofs of Theorem 6.6 and Theorem 6.1 are based on the following key
lemma and its variants.
Lemma 6.9 (Key Lemma). Let X be a proper geodesic space and x0 be a basepoint. Let
{gn} be a sequence of isometries of X. Assume that gn(x0)→ p1 ∈ ∂MXx0 and g−1n (x0)→ p2
∈ ∂MXx0 . Then for any point q ∈ ∂MXx0 with q , p2, the sequence gn(q) converges to
p1 ∈ ∂MXx0 .
Here is the outline of this paper. In section 2, we review the definitions of slim and thin
triangle conditions. We give the construction and topology of the Morse boundary which
is the main object in the paper. In section 3. we list and prove some basic properties of
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Morse triangles and Morse geodesics which will be used repeatedly in the later sections. In
section 4, we introduce the notion of a Morse isometry of a proper geodesic space. Using
its fixed points in the Morse boundary, we give a characterization of the Morse element. In
section 5, in order to study dynamics, we need some preparations on the topology of the
Morse boundary. In section 6, after proving the key lemma, we finish the proofs of all the
above topological dynamics on the Morse boundary.
ACKNOWLEDGEMENTS. I would like to thank my advisor Ruth Charney for her
enthusiasm and for encouraging me to write this paper.
2. Preliminaries
Let (X, d) be a geodesic metric space. The notation [x, y] represents a geodesic between
two points x, y ∈ X. The metric space X is called proper if any closed ball in X is compact.
2.1. Slim Triangles and Thin Triangles. In the later sections we will see that triangles
with two N -Morse sides are hyperbolic-like triangles. Here we give a quick review about the
slim and thin triangles conditions. All of these can be found in [BH13, Chapter III.H] or
[Ghy90].
Definition 2.1 (Slim triangles). Let δ be some non-negative constant. A geodesic triangle
in X is called δ-slim if each of its sides is contained in the δ-neighborhood of the union of
the other two sides.
Definition 2.2 (Thin triangles). Let δ be some non-negative constant. A triangle 4(x, y, z)
with sides [x, y], [y, z] and [x, z] is called δ-thin if for any points p ∈ [x, y] and q ∈ [x, z] that
satisfy d(x, p) = d(x, q) ≤ 12(d(x, y) + d(x, z)− d(y, z)) we have d(p, q) ≤ δ.
In a hyperbolic space, all triangles are uniformly slim and uniformly thin.
2.2. Morse geodesics and the Morse boundary.
Definition 2.3 (Hausdorff distance). The Hausdorff distance dH(A1, A2) between two sub-
sets A1 and A2 is defined by
inf{r | A1 ⊂ Nr(A2), A2 ⊂ Nr(A1)},
where Nr(Ai) is the r-neighborhood of Ai.
Definition 2.4 (Quasi-geodesics). A map f : (X, dX)→ (Y, dY ) between metric spaces is a
(λ, )-quasi-isometric embedding, where λ ≥ 1,  > 0, if for any x1, x2 ∈ X
λ−1dX(x1, x2)−  ≤ dY (f(x1), f(x2)) ≤ λdX(x1, x2) + .
If X is an interval of R, then the map f is called a (λ, )-quasi-geodesic. For convenience,
we use the image of f to describe the quasi-geodesic.
Definition 2.5 (Morse (quasi)-geodesics). Let N be a function [1,∞) × [0,∞) → [0,∞).
We say a (quasi)-geodesic γ in a metric space is N -Morse, if for any (λ, )-quasi-geodesic α
with endpoints on γ, we have α ⊂ NN(λ,)(γ). The function N(λ, ) is called a Morse gauge.
This definition has its roots in a paper of Morse [Mor24]. The Morse lemma says that
every quasi-geodesic in a hyperbolic space is Morse. Morse geodesics in a proper geodesic
space are similar to geodesics in a hyperbolic space. We would like to study hyperbolic-like
behavior in more general spaces. The following lemma was proved in [Cor17, Corollary 2.5].
It says that the Morse geodesics are "hyperbolic directions" of the space.
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Lemma 2.6 (Equivalent Geodesics, [Cor17]). Let X be a geodesic metric space. Let α and
β be geodesic rays based at a point. Suppose α is N-Morse and dH(α, β) is finite. Then there
exists a Morse gauge N1 and a constant CN such that β is N1-Morse and d(α(t), β(t)) < CN
for all t, where N1 and CN depend only on N .
Now we give a review about the construction and topology of the Morse boundary. The
reader can find more details and complete proofs in [Cor17].
Definition 2.7 (The Morse boundary). Let X be a proper geodesic metric space and choose
a basepoint x0 ∈ X. We say two Morse geodesic rays are equivalent if their Hausdorff
distance is finite. As a set, the Morse boundary ∂MXx0 of X, is defined to be equivalence
classes of all Morse geodesic rays with the basepoint x0. In order to define the topology of
the Morse boundary, choose a Morse gauge N . Define
∂NMXx0 = {[α] | there exists an N -Morse geodesic ray β ∈ [α] with basepoint x0}
with the compact-open topology.
Another equivalent way to define this topology on ∂NMXx0 is using a system of neighbor-
hoods at a point in ∂NMXx0 . Let α be an N -Morse geodesic ray with α(0) = x0. For each posi-
tive integer n, let V Nn (α) be the sets of [β] ∈ ∂NMXx0 with basepoint x0 and d(α(t), β(t)) < CN
for all t< n, where CN is the constant from Lemma 2.6. Then {V Nn (α) | n ∈ N} is a funda-
mental system of neighborhoods of [α] in ∂NMXx0 .
LetM be the set of all Morse gauges. We put a natural partial ordering onM and define
∂MXx0 = lim−→M
∂NMXx0
with the induced direct limit topology, i.e., a set U is open in ∂MXx0 if and only if U∩∂NMXx0
is open for every Morse gauge N .
This topology has some nice properties. For a fixed Morse gauge N , the space ∂NMXx0
is compact and behaves like the boundary of a hyperbolic space. With the direct limit
topology, the Morse boundary is basepoint independent. So sometimes we will denote the
Morse boundary as ∂MX without the basepoint. We say a Morse boundary
Theorem 2.8 (Main Theorem in [Cor17]). Given a proper geodesic space X, with the direct
limit topology, the Morse boundary ∂MX = lim−→M
∂NMXx0 is a quasi-isometry invariant and is a
visibility space, that is any two distinct points in ∂MX can be joined by a Morse bi-infinite
geodesic. If X is hyperbolic, the Morse boundary is homeomorphic to the visual boundary.
If X is CAT (0), the Morse boundary is homeomorphic to the contracting boundary.
Remark 2.9. Given a geodesic space X, Cordes and Hume in [CH17] constructed the metric
Morse boundary of X. It is a collection of boundaries and in the case of a proper geodesic
space the direct limit of these boundaries is exactly the Morse boundary ∂MX.
The following two corollaries of the Arzelà-Ascoli theorem [Mun00, Theorem 47.1] are
useful to us.
Corollary 2.10. Let X be a proper geodesic metric space and x0 ∈ X. Let αn : [0, an]→ X
be a sequence of geodesics such that αn(0) = x0 and an →∞. Then the sequence (αn) has a
subsequence that converges uniformly on compact sets to a geodesic α : [0,∞)→ X.
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Corollary 2.11. Let X be a proper geodesic metric space. Let αn : [an, bn]→ X be a sequence
of geodesics such that an → −∞, bn →∞, and the set {αn(0)} has bounded diameter. Then
the sequence (αn) has a subsequence that converges uniformly on compact sets to a geodesic
α : (−∞,∞)→ X.
3. Basic properties of Morse geodesics
In this section we will review and prove some basic properties about Morse geodesics which
will be used in the later sections.
We now prove that all segments of a Morse quasi-geodesic are uniformly Morse.
Lemma 3.1. Let X be a geodesic metric space. Let α : I → X be an N-Morse (λ, )-quasi-
geodesic where I is an interval of R. Then for any interval I ′ ⊂ I, the (λ, )-quasi-geodesic
α′ = α |I′ is N ′-Morse where N ′ depends only on λ,  and N .
α
α′ α′′
β(a) β(b)
β(c)β(a
′)
β(b′)
α(p)
NN(λ0,0)(α′)
β1(c1)
α′(r′1) α′′(r′′1)
β2(c2)
α′(r′2) α′′(r′′2)
Figure 3.1. Picture in Lemma 3.1.
Proof. It suffices to prove this in the special case that I and I ′ have one endpoint (finite
point or infinite point) in common, we can apply the special case twice for the general case.
Let β : [a, b] → X be a (λ0, 0)-quasi-geodesic with endpoints on α′. By Lemma 1.11 in
[BH13, Chapter III.H], we may assume without loss of generality that β is tame. Denote
I ′′ = I \I ′, α′′ = α |I′′ , I ′∩I ′′ = {p}. By definition, β ⊂ NN(λ0,0)(α). If β ⊂ NN(λ0,0)(α′), we
are done. If not, see Figure 3.1 and consider some segment [a′, b′] ⊂ [a, b] such that β([a′, b′])
is disjoint from NN(λ0,0)(α′). Choose c ∈ (a′, b′) and let β1 = β([a, c]) and β2 = β([c, b]). For
any i = 1, 2, βi lies within N(λ0, 0) of some point on α(I), so by continuity, there exist points
c1 ∈ [a, a′] and c2 ∈ [b′, b] such that βi(ci) lies within N(λ0, 0) of two points α′(r′i), α′′(r′′i ),
with r′i ∈ I ′, r′′i ∈ I ′′. Since α is a (λ, )-quasi-geodesic, we have
1
λ
|r′i − r′′i | −  ≤ d(α′(r′i), α′′(r′′i )) ≤ d(α′(r′i), βi(ci)) + d(βi(ci), α′′(r′′i )) ≤ 2N(λ0, 0).
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Thus |r′i − r′′i | ≤ 2λN(λ0, 0) + λ for i = 1, 2. Note that I ′ intersects I ′′ at exactly
one point p, it follows that |r′1 − r′2| ≤ 2λN(λ0, 0) + λ. Since α′ is also a (λ, )-quasi-
geodesic, d(α′(r′1), α′(r′2)) ≤ λ(|r′1 − r′2|) + . By triangle inequality,
d(β1(c1), β2(c2)) ≤ d(β1(c1), α′(r′1)) + d(β2(c2), α′(r′2)) + d(α′(r′1), α′(r′2))
≤ 2N(λ0, 0) + λ(2λN(λ0, 0) + λ) +  = (λ2 + 1)(2N(λ0, 0) + ).
By the tameness condition, we have length(β([c1, c2])) ≤ k1(d(β1(c1), β2(c2))) + k2, where
k1, k2 depend only on λ, . Setting N ′0(λ0, 0) = k1(λ2 + 1)(N(λ0, 0) + 12) +
1
2k2, any point
on β([a′, b′]) lies within N ′(λ0, 0) of the two points β(c1) and β(c2). We conclude that α′ is
N ′-Morse where N ′(λ0, 0) = N ′0(λ0, 0) +N(λ0, 0). 
The next lemma gives a basic property of Morse geodesics. It is an easy exercise we leave
to the reader.
Lemma 3.2. Let X be a geodesic metric space and C be a constant. Suppose that the
geodesic [a, b] is N-Morse. Let [a′, b′] be another geodesic. Suppose that d(a, a′) and d(b, b′)
are bounded by C. Then [a′, b′] is N ′-Morse and dH([a, b], [a′, b′]) is bounded by D, where N ′
and D depend only on N,C.
The following quite useful lemma is the combination of Lemma 2.3 and Lemma 2.4 in
[CCM15]. It states that a geodesic triangle with two N -Morse sides is slim and its third side
is also Morse. It is important in showing the thinness of a Morse triangle. In later sectoions
we will use it to show that certain sequences of geodesics are uniformly Morse.
Lemma 3.3 ([CCM15]). Let X be a proper geodesic metric space. Let 4(x, y, z) be a geodesic
triangle with vertices x, y, z ∈ X∪∂MX and suppose that two sides of4(x, y, z) are N-Morse.
Then the third side is N1-Morse and 4(x, y, z) is δN -slim where N1 and δN depend only on
N .
Remark 3.4. By Lemma 3.1 and Lemma 3.3, we can see that for two points p, q in the Morse
boundary, all bi-infinite geodesics between p and q are uniformly Morse and have uniform
Hausdorff distance.
Corollary 3.5. Let X be a proper geodesic metric space. Let 4(x, y, z) be a geodesic triangle
with vertices x, y, z ∈ X ∪ ∂MX and suppose that two sides of 4(x, y, z) are N-Morse. Let
4(x′, y′, z′) be any geodesic triangle with vertices x′, y′, z′ on the sides of 4(x, y, z). Then
there exits a constant δ′N depending only on N so that 4(x′, y′, z′) is δ′N -slim.
Proof. By Lemma 3.3, the third side of 4(x, y, z) is N1-Morse. The points x′, y′, z′ divide
the sides of 4(x, y, z) into finitely many N2-Morse geodesics by Lemma 3.1 and each side of
4(x′, y′, z′) is N3-Morse for some N3 by Lemma 3.3, where N1, N2 and N3 depend only on
N . Hence it is δN3-slim. 
With Corollary 3.5 in mind we can show that a triangle with two Morse sides is thin.
Sometimes the thin triangle condition is easier to use than the slim triangle condition.
Lemma 3.6. Let X be a geodesic metric space. Let 4(x, y, z) be a geodesic triangle with
vertices x, y, z ∈ X and suppose that two sides of 4(x, y, z) are N-Morse. Then there exists
a constant δ′′N depending only on N so that 4(x, y, z) is δ′′N -thin.
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Proof. By Lemma 3.3, the triangle 4(x, y, z) is δN -slim. For any vertices x′, y′, z′ on the
sides of 4(x, y, z), the triangle 4(x′, y′, z′) is δ′N -slim for some constant δ′N depending on N
by Corollary 3.5. The rest of the proof now follows that of Proposition 2.1 [ABC+91]. The
triangle 4(x, y, z) is δ′′N -thin by taking δ′′N = 2δ′N + 4δN .

4. Morse Isometries
In this section we study fixed points of isometries on the Morse boundary. Moreover for a
finitely generated group, we give a characterization of Morse elements by its fixed points on
the Morse boundary. Given an isometry g of X, let Fix∂MX(g) denote fixed points of g on
the Morse boundary.
4.1. Morse isometries. Before the next definition and lemma, we give some notations.
Let X be a geodesic metric space and let x0 ∈ X be a basepoint. For an isometry
g : X → X, denote xn = gn(x0), ηji = [xi, xi+1] ∪ ... ∪ [xj−1, xj], where i, j ∈ Z. For
convenience, we allow that i = −∞ or j =∞.
Definition 4.1 (Morse Isometries). We say the action of g on X is Morse or the isometry
g is Morse if there exist a Morse gauge N and a geodesic [xi, xi+1] for each i such that the
bi-infinite concatenation of geodesics η∞−∞ is an N -Morse quasi-geodesic.
Using the properties of Morse quasi-geodesics, it is easy to see that the notion does not
depend on the choice of basepoint or choices of geodesics. In particular, we can choose a
geodesic [x0, x1] and take [xi, xi+1] = gi[x0, x1] for all i. Note that for a Morse isometry g,
there is a µ > 0 such that d(xn, x0) ≥ nµ for all n ∈ N.
Definition 4.2 (Morse Elements). Let G be a finitely generated group. We say g ∈ G is
a Morse element if the action of g on the Cayley graph of G for some (hence every) finite
generating set is Morse.
Proposition 4.3. If X is a δ-hyperbolic space then every hyperbolic isometry of X is Morse.
If X is a proper CAT (0) space then every rank-one isometry of X is Morse.
4.2. Characterization of Morse elements. The following lemma states that an infinite
cyclic group which acts properly on a proper geodesic metric space has at most two fixed
points on the Morse boundary.
Lemma 4.4. Let X be a proper geodesic metric space. Let g : X → X be an isometry with
infinite order. Suppose that the cyclic group 〈g〉 acts properly on X. Then g has at most two
fixed points on ∂MX.
Proof. Suppose g has three distinct fixed points a, b, c ∈ ∂MX. Choose some Morse gauge
N such that all geodesics with both endpoints in the set {a, b, c} are N -Morse. Given a
constant K ≥ 0, consider the set EK(a, b, c) = {x ∈ X| x lies within K of all sides of
some ideal triangle 4(a, b, c)}. By Lemma 2.5 in [CCM15], for any K ≥ δN , EK(a, b, c) is
non-empty and has bounded diameter L depending only on N and K.
Now let K = δN and choose p ∈ EδN (a, b, c), where δN is the constant from the Lemma
3.3. Since a, b, c are fixed by g, then gn(p) ∈ EδN (a, b, c) for any n ∈ Z. But EδN (a, b, c) has
bounded diameter and the action of 〈g〉 on X is proper, so g must be finite order. We get a
contradiction. 
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Given a Morse isometry g ∈ Isom(X) where X is a proper geodesic metric space, note
that g has no fixed points in X. The next lemma tells us that g has two distinct fixed points
on ∂MX.
Lemma 4.5. Let X be a proper geodesic metric space and x0 ∈ X be a basepoint. Let
g : X → X be a Morse isometry. There exists a bi-infinite Morse geodesic γ such that g has
two distinct fixed points γ(∞), γ(−∞) ∈ ∂MX.
Proof. Suppose that the bi-infinite piecewise geodesic η∞−∞ is anN -Morse (λ, )-quasi-geodesic.
By Lemma 2.5 (3) in [CS14] we know there exists C depending only on N, λ and  such that
the geodesic [xi, xj] has Hausdorff distance at most C from the quasi-geodesic ηji . With
Lemma 3.1 in mind, the quasi-geodesic ηji is M1-Morse where M1 depends only on N, λ and
. By Lemma 2.5 (1) in [CS14] we get that any geodesic between xi and xj is M ′-Morse
where M ′ depends only on M1 and C.
Let γn be a geodesic segment from x−n to xn. Let γn(0) be some point in γn such
that d(x0, γn) = d(x0, γn(0)). Since γn is M ′-Morse and ηn−n is a (λ, )-quasi-geodesic, so
d(x0, γn) ≤ M ′(λ, ). This implies that the set {γn(0)} is bounded. By Corollary 2.11,
the sequence γn has a subsequence that converges uniformly on compact sets to a geodesic
γ : (−∞,∞)→ X. It is M ′-Morse since every γn is M ′-Morse.
From the above proof, we have dH(γn, ηn−n) ≤ C. Since a subsequence of (γn) converges
uniformly on compact sets to γ and the sequence ηn−n converges uniformly on compact sets
to η∞−∞, we get dH(γ, η∞−∞) ≤ C. Thus, for any t ∈ R, there exists pt ∈ η∞−∞ such that
d(γ(t), pt) ≤ C. Note that by the triangle inequality d(pt, g(pt)) ≤ d(x0, g(x0)). This implies
that d(γ(t), g(γ(t))) ≤ 2C + d(x0, g(x0)) for all t ∈ R. Note that the action of 〈g〉 is proper.
By Lemma 4.4, the fixed points of g are exactly γ(∞) and γ(−∞). 
From the above proof, we can see that for a Morse isometry g there exists a Morse gauge N
such that the geodesic [gi(x0), gj(x0)] is N -Morse for every i, j ∈ Z. The following theorem
says that the converse is true in a finitely generated group. Now let us give a characterization
of Morse elements.
Theorem 4.6. Let G be a group acting geometrically on a proper geodesic metric space X.
Let g ∈ G be an infinite order element. Then the following are equivalent:
(1) Fix∂MX(g) is nonempty.
(2) For some x0 ∈ X (hence for any x0 ∈ X), there exists a Morse gauge N0 depending
only on x0 and g such that the geodesic [x0, gk(x0)] is N0-Morse for any k ∈ Z.
(3) Let η = [x0, g(x0)]. The bi-infinite path η+∞−∞ =
⋃
k∈Z gk(η) is a Morse quasi-geodesic.
In particular, the element g is Morse.
(4) Fix∂MX(g) has two distinct points.
Proof. (1) ⇒ (2) Fix a basepoint x0 ∈ X. Let q ∈ ∂MXNx0 be one fixed point of g for some
Morse gauge N . Since g is an isometry of X, we have an ideal triangle 4(x0, gk(x0), q) with
two N -Morse sides [x0, q] and gk[x0, q]. By Lemma 3.3, the side [x0, gk(x0)] is N0-Morse for
all k ∈ Z, where N0 depends only on x0 and the action of g.
(2) ⇒ (3) Suppose that X is the Cayley graph of G for some finite generating set. It is
enough to show that the bi-infinite path η+∞−∞ is a Morse quasi-geodesic. The proof that η+∞−∞
is a quasi-geodesic follows the proof of Proposition 3.2 in [ABC+91]. They use the property
of thin triangles in hyperbolic space. In our case, all triangles 4(x0, gi(x0), gj(x0)) are δ-thin
for some constant δ by Lemma 3.6, where δ depends only on N0. To see it is Morse, note
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that [gi(x0), gj(x0)] is N0-Morse and the path η+∞−∞ is a quasi-geodesic. It follows that the
path η+∞−∞ is Morse by definition.
(3)⇒ (4) This is Lemma 4.5.
(4)⇒ (1) This is trivial.

For a Morse isometry g, its fixed points in ∂MX are denoted by {g+, g−}. We call g+ and
g− poles or rational points of the Morse isometry g. All Morse geodesics connecting g− and
g+ are called axes of g. They have a uniform Morse gauge depending only on the two fixed
points of g in ∂MX by Remark 3.4. We say g is N -Morse if all its axes are N -Morse. A
finitely generated group G is called non-elementary Morse if ∂MG is nonempty and G is
not virtually cyclic.
5. The topology of the Morse boundary
Before studying the dynamics of the Morse boundary, let us study its topology.
Definition 5.1. Let X be a proper geodesic space and x0 be a basepoint. We say a sequence
of points pn ∈ X converges to a point p ∈ ∂MX with respect to x0 (denoted by pn →x0 p)
if there exists some Morse gauge N and some geodesic [x0, pn] for any n such that
(1) The geodesic [x0, pn] is N -Morse.
(2) Every subsequence of [x0, pn] has a subsequence that converges uniformly on compact
set to a geodesic ray γ with γ(0) = x0, γ(∞) = p.
By the properties of Morse geodesics, the notion does not depend on the choice of geodesics
[x0, pn]. The next proposition says that the defination does not depend on the choice of
basepoint. So we will use the notation pn → p.
Proposition 5.2. Let X be a proper geodesic space and x0 be a basepoint. Let pn ∈ X be a
sequence of points and p ∈ ∂MX with pn →x0 p. Then pn →x p for any x ∈ X.
Proof. Suppose that the geodesic [x0, pn] is N -Morse. Fix a point x ∈ X. By Lemma 3.2,
we know for any n ∈ N, the geodesic [x, pn] is N ′-Morse where N ′ depends only on N
and d(x0, x). By the Arzelà-Ascoli theorem, every subsequence of [x, pn] has a subsequence
[x, pni ] that converges uniformly on compact set to some geodesic ray α(t). Since [x, pn] is
N ′-Morse, the geodesic ray α is N ′-Morse and α(0) = x. Since pn →x0 p, then [x0, pni ] has
a subsequence that converges uniformly on compact set to some Morse geodesic ray γ with
γ(0) = x0, γ(∞) = p. By Lemma 3.2, dH([x0, pn], [x, pn]) is bounded by a constant D which
depends only on N, d(x, x0). So the same holds for dH(γ, α). We conclude that α(∞) = p.

Similarly as in Definition 5.1, suppose that pn, p ∈ ∂MX. We say a sequence of points pn
converges to p with respect to x0 if there exist N -Morse geodesic rays [x0, pn) for all n and
any subsequence of [x0, pn) has a subsequence that converges uniformly on compact sets to
some N -Morse geodesic ray γ such that γ(∞) = p. Since this notation also does not depend
on choice of basepoint, we denote it by pn → p.
Note that the sequence pn → p if and only if pn converges to p in the topology of ∂NMXx0 for
some Morse gauge N and some basepoint x0. This implies pn converges to p in the topology
of ∂MXx0 . The following lemma says that the converse is true.
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Lemma 5.3. Suppose that pn, p ∈ ∂MXx0 and the sequence of points pn converges to p in
the topology of ∂MXx0. Then there exists a Morse gauge N such that pn, p ∈ ∂NMXx0 and pn
converges to p in the topology of ∂NMXx0.
Proof. We will follow the proof of Lemma 3.4 in [Mur]. Let γn = [x0, pn), γ = [x0, p) be Morse
geodesics and let γ be N0-Morse. Suppose that γn and γ are not contained in ∂NMXx0 for any
N . Then we can choose a subsequence γni of Ni-Morse geodesic rays , where Ni ≥ Ni−1 + 1
for all i and γni is not Ni−1-Morse. Let P = {γni}i≥1. Note that for all N , P ∩ ∂NMXxo is
finite, so it is closed in ∂NMXx0 . It follows that P is closed in ∂MXx0 . So pn can not converge
to p in ∂MXx0 . We conclude that pn, p ∈ ∂N ′M Xx0 for some N ′.
Since pn → p in ∂MXx0 , by the universal properties of direct limits, there exist geodesic
rays αn = [x0, pn) such that any subsequence of αn contains a subsequence that converges
uniformly on compact sets to some geodesic ray α = [x0, p). Note that all geodesics αn, α
are N ′′-Morse for some N ′′, where N ′′ depends only on N ′ by Lemma 2.6. Since pn, p are all
in ∂N ′M Xx0 , this implies that pn → p in ∂NMXx0 , where N = max{N ′, N ′′}.

Now let us study the topology of ∂NMXx0 . Note that we have a natural inclusion map from
∂NMXx0 to ∂MXx0 . The next Lemma says that the induced subspace topology agrees with
the topology of ∂NMXx0 .
Lemma 5.4. Let B be a closed subset in ∂NMXx0. Then B is a closed subset in ∂MXx0. In
particular, the topology of ∂NMXx0 is the same as the subspace topology of ∂MXx0.
Proof. It is enough to show that B ∩ ∂N ′M Xx0 is closed in ∂N ′M Xx0 for all N ′. Suppose it is
nonempty. Choose xn ∈ B ∩ ∂N ′M Xx0 and suppose that xn → x in ∂N ′M Xx0 . There exist
N ′-Morse geodesic rays γn and γ with γn(0) = x0, γn(∞) = xn and γ(0) = x0, γ(∞) = x.
Also there exist N -Morse geodesic rays αn with αn(0) = 0, αn(∞) = xn. By the Arzelà-
Ascoli theorem, any subsequence of αn contains a subsequence that converges uniformly on
compact sets to a geodesic ray α with α(0) = x0. The geodesic ray α is N -Morse since all
of the αn are N -Morse. Note that the Hausdorff distance between γn and αn is bounded by
some constant C depending only on N and N ′. So is the Hausdorff distance between α and
γ. This means α(∞) = x and xn → x ∈ ∂NMXx0 . Since B is a closed set in ∂NMXx0 , this
implies that x ∈ B ∩ ∂N ′M Xx0 . We conclude that B ∩ ∂N ′M Xx0 is closed in ∂N ′M Xx0 .

The compact sets in ∂MX are studied in Cordes and Durham’s paper [CD16].
Lemma 5.5 (Lemma 4.1 in [CD16]). Let K be a compact subset in ∂MXx0. Then there
exists N such that K ⊂ ∂NMXx0.
Remark 5.6. From the two lemmas above, we know that if K is a compact in ∂MXx0 , then
K is a compact set in ∂NMXx0 for some N .
Now we characterize when the Morse boundary of a group is compact. In the case of the
contracting boundary of a CAT (0) group, the reader can see Theorem 5.1 in [Mur].
Theorem 5.7. Let G be a group that is finitely generated and non-elementary Morse. Con-
sider its Cayley graph X with respect to a fixed finite generating set. The following are
equivalent:
(1) G is hyperbolic.
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(2) ∂MX is compact.
(3) The Morse gauges are uniform i.e. ∂MXx0 ⊂ ∂NMXx0 for some N .
(4) For a point p ∈ ∂MXx0, the orbits Gp ⊂ ∂NMXx0 for some N .
(5) Geodesic segments in X are uniformly Morse.
(6) Geodesic rays in X are uniformly Morse.
Proof. (1)⇒ (2) It follows Theorem 2.8.
(2)⇒ (3) This follows Lemma 5.5.
(3)⇒ (4) It is trivial.
(4) ⇒ (5) For any g ∈ G, the point g(p) ∈ ∂NMXx0 . Consider the triangle with vertices
x0, g(x0), g(p). Note that g[x0, p] and [x0, g(p)] are N -Morse. By Lemma 3.3, the side
[x0, g(x0)] is N1-Morse where N1 depends only on N . We are done.
(5)⇒ (1) By Lemma 3.3, all triangles are uniformly slim.
(5)⇒ (6) It follows from the definition of a Morse geodesic ray.
(6)⇒ (3) It is trivial.

Now we can discuss the cardinality of the Morse boundary. The following corollary answers
Question 3.17 in [CD16]. It says that a group is non-elementary Morse if and only if its Morse
boundary contains infinitely many points.
Corollary 5.8. Let G be a finitely generated group. The cardinality of its Morse boundary
∂MG is either 0, 2 or infinity.
Proof. Suppose that |∂MG| = n for some n , 0,∞. It means that ∂MG is compact. By
Theorem 5.7 (2), the group G is hyperbolic. So n must be 2. 
6. Dynamics of the action on The Morse boundary
In this section we will study topological dynamics of a group action on the Morse boundary.
Most of following results have roots in the case of a hyperbolic space. Murray [Mur] used
dynamical methods to obtain many properties of the topological dynamics on the contracting
boundary of a CAT(0) space. Since the Morse boundary is a generalization of the contracting
boundary, it is interesting to ask which of them is true in the Morse boundary.
It is well-known that the action of a non-elementary hyperbolic group on its boundary is
minimal. Murray [Mur, Theorem 4.1] showed this also holds in the case of the contracting
boundary of a CAT(0) space. We generalize it to the Morse boundary.
Theorem 6.1. If a finitely generated group G is non-elementary Morse, then the action of
G on ∂MG is minimal, that is for any p ∈ ∂MG the orbit Gp is dense in ∂MG.
We postpone the proof of this theorem. From the above theorem, we can show that the
set of rational points is either empty or dense in the Morse boundary.
Corollary 6.2. If a finitely generated group G is non-elementary Morse and contains a
Morse element, then the set of rational points Q(G) := {g+|g ∈ G is a Morse element } is
dense in ∂MG.
Proof. Consider the orbits Gg+ where g+ ∈ ∂MG is a fixed point of the Morse element g ∈ G.
The orbit Gg+ ⊂ Q(G) since h(g+) = (hgh−1)+ and hgh−1 is Morse. So Q(G) is dense in
∂MG since Gg+ is dense in ∂MG. 
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Remark 6.3. In [Fin17], she presents a torsion group which has nonempty Morse boundary.
So we can not omit the assumption that G contains a Morse element.
In hyperbolic groups, we have the classical North-South dynamics as follows.
Theorem 6.4. Let G be a hyperbolic group acting geometrically on a proper geodesic space
X. Let g be an infinite order element. Then for all open sets U and V with g+ ∈ U and
g− ∈ V , gn(V c) ∈ U for suffiently large n ∈ N.
In the case of a CAT(0) space, rank-one isometries act on the visual boundary with
this classical North-South dynamics [Ham09]. However, if we consider the action on the
contracting boundary of a proper CAT(0) space, this may fail for a rank-one isometry.
Murry [Mur] gave the following example.
Example 6.5 ([Mur]). Let Y be the space T 2 ∨ S1. Consider the fundamental group
pi1(Y ) = Z ∗ Z2 = 〈a〉 ∗ 〈b, c | [b, c]〉. Let Y˜ be the universal cover. It is a proper CAT (0)
space and pi1(Y ) acts geometrically on Y˜ . Let α be an axis for the rank-one isometry a.
Let βi be the geodesic with respect to the word a−ibiaaaaa . . .. Note that the sequence of
geodesics {βi} does not converge to α(−∞) in the contracting boundary ∂cY˜ and {βi} is
closed in ∂cY˜ . The set V = (U(α(−∞), r, )∩∂C Y˜ )\{βi} is an open neighborhood of α(−∞).
However, we have anβn is not in (U(α(−∞), r′, ′) for all n ∈ N and r′ > ′.
Murray [Mur] proved a weaker version of North-South dynamics on the contracting bound-
ary of a CAT(0) space. Additionally, he showed that a CAT(0) group G acts on its contract-
ing boundary like a convergence group. We have analogous results for the Morse boundary.
The proofs are given in later subsections.
Theorem 6.6. Let X be a proper geodesic space and x0 be a basepoint. Let {gn} be a
sequence of isometries of X. Assume that gn(x0) → p1 in ∂MXx0 and g−1n (x0) → p2 in
∂MXx0. Given any neighborhood U of p1 in ∂MXx0 and any compact set K ⊂ ∂MXx0 with
p2 < K. There exists an integer k such that for all n > k we have gn(K) ⊂ U after passing
to a subsequence.
Remark 6.7. In Theorem 6.6, under the assumption that gn(x0)→ p1, by the Arzelà-Ascoli
theorem, it is not hard to find a subsequence gni such that g−1ni (x0)→ p2 for some p2 ∈ ∂MXx0 .
Corollary 6.8 (Weak North-South dynamics for Morse isometries). Let X be a proper
geodesic space and x0 be a basepoint. Let g be a Morse isometry of X. Given any open
neighborhood U of g+ in ∂MXx0 and any compact set K ⊂ ∂MXx0 with g− < K. There exists
an integer n such that gn(K) ⊂ U .
6.1. Key Lemma. All of the above dynamical results on the Morse boundary rely on the
following key lemma and its variants.
Lemma 6.9 (Key Lemma). Let X be a proper geodesic space and x0 be a basepoint. Let
{gn} be a sequence of isometries of X. Assume that gn(x0)→ p1 ∈ ∂MXx0 and g−1n (x0)→ p2
∈ ∂MXx0. Then for any point q ∈ ∂MXx0 with q , p2, the sequence gn(q) converges to
p1 ∈ ∂MXx0.
Proof. Let αn = [x0, gn(x0)], βn = g−1n (αn) and γ = [x0, q). Assume that they are N -Morse
for some Morse gauge N . Let γn be a geodesic from x0 to gn(q). By Lemma 3.3, γn is N1-
Morse, and this ideal triangle αn ∪ gn(γ) ∪ γn is δN -slim, where N1 and δN depend only on
DYNAMICS ON THE MORSE BOUNDARY 13
x0
gn(x0)
g−1n (x0)
p1 p2
q
gn(q)
γgn(γ)
αn
βn
γn g−1n (γn)
Figure 6.1. Picture in Lemma 6.9. αn = [x0, gn(x0)], βn = g−1n (αn), γ =
[x0, q), γn = [x0, gn(q)].
N . Let N ′ = max{N,N1}. Since ∂MXN ′x0 is compact, by passing to a subsequence, we may
assume that γn converges uniformly on compact sets to some geodesic ray η. It is enough to
show that η(∞) = p1.
Since g−1n (x0) → p2, by passing to a subsequence we have βn = g−1n (αn) that converges
uniformly on compact sets to β, where β is also an N -Morse geodesic from x0 to p2. Note
that q , p2 if and only if dH(γ, β) is unbounded, if and only if β is not contained in NK(γ)
for any constant K ≥ 0.
Now choose K = 2δN +2. There exists a point b ∈ β, such that d(b, γ) > 2δN +2. Now let
us fix this point b. For any large n, we can find a point bn ∈ βn such that d(x0, b) = d(x0, bn).
Since βn converges uniformly on compact sets to βN , there exists M1 > 0 such that
d(b, bn) ≤ δN + 1 for any n > M1. Hence d(bn, γ) ≥ δN + 1, so d(gn(bn), gn(γ)) ≥ δN + 1.
Denote the point an = gn(bn) ∈ αn. We have d(an, gn(γ)) > δN . Recall that the ideal
triangle αn ∪ gn(γ) ∪ γn is δN -slim. See Figure 6.2. Thus there exists a point cn ∈ γn such
that d(cn, an) ≤ δN for any n > M1. By Lemma 3.1 and Lemma 3.2, the geodesics [x0, an]
and [x0, cn] are N2-Morse and the Hausdorff distance dH([x0, an], [x0, cn]) ≤ C0, where N2
and C0 depend only on N .
Note that d(x0, gn(x0))−d(x0, an) = d(gn(x0), an) = d(x0, bn) = d(x0, b) is a fixed value for
any n. Thus an → p1. By passing to a subsequence, cn → η(∞). Since dH([x0, an], [x0, cn]) ≤
C0 we have η(∞) = p1. 
6.2. Proof of Theorem 6.1. The following propositions were first shown for the contracting
boundary of a CAT(0) space by Murray in [Mur]. Here we establish a different approach to
the first one using Key Lemma 6.9.
Proposition 6.10. Let X be a proper geodesic space and let G be a group acting cocompactly
on X. Let q ∈ ∂MX. Then q is globally fixed by G or its orbit Gq is dense in ∂MX.
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x0
gn(x0)
gn(q)
an
cn
≤ δN
gn(γ) γn
αn
Figure 6.2. The triangle 4(x0, gn(x0), gn(q)) is δN -slim and d(an, cn) ≤ δN .
Proof. Fix a basepoint x0 ∈ X. Assume that q is not globally fixed by G. So we have
h(q) , q for some h ∈ G. Let α be any Morse geodesic ray with α(0) = x0. Since the
action of G is cocompact, there exists some constant C and a sequence of elements gn ∈ G
so that d(α(n), gn(x0)) ≤ C for any n ∈ N. Let αn = [x0, gn(x0)]. We can assume that
q, h(q), α(∞) ∈ ∂N0M Xx0 for some N0. By Lemma 3.2 the geodesic αn is N2-Morse and
αn ⊂ NC1(α), where N2 and C1 depend only on C and N0.
By the Arzelà-Ascoli theorem, it is not hard to see that passing to a subsequence if
necessary, gn(x0)→ α′(∞) and g−1n (x0)→ β(∞) for some geodesic rays α′ and β. They are
Morse since αn is N2-Morse. Note that α(∞) = α′(∞) since αn ⊂ NC1(α).
If β(∞) , q, we conclude that gn(q) converges to α(∞) by Lemma 6.9. Otherwise we
replace q with h(q).

Proof of Theorem 6.1. If Gp is not dense in ∂MG for some p ∈ ∂MG, then Gp = p by
Proposition 6.10. By Theorem 5.7 G is a hyperbolic group. Thus G is virtually Z and
|∂MG| = 2. We get a contradiction. 
6.3. Proof of Theorem 6.6. We give another version of Lemma 6.9 in the language of
neighborhoods. Recall that {V Nn (α)} is a fundamental system of neighborhoods of the point
[α] in ∂NMXx0 , where α is an N -Morse geodesic ray with α(0) = x0.
Lemma 6.11. Let X be a proper geodesic space and x0 be a basepoint. Let {gn} be a sequence
of isometries of X. Assume that gn(x0)→ p1 in ∂NMXx0 and g−1n (x0)→ p2 in ∂NMXx0. There
exists a Morse gauge N1 depending only on N such that the following holds.
Given any point q ∈ ∂NMXx0 with q , p2, there exists a neighborhood V Nm′(q) of q in ∂NMXx0
such that for any neighborhood V N1m (p1) of p1 in ∂N1M Xx0, by passing a subsequence we have
gn(V Nm′(q)) ⊂ V N1m (p1) for all n > k, where k depends only on N , m and the sequence gn.
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Proof. Since q , p2, we can choose sufficiently large m′ such that p2 < V Nm′(q). For any
[γ′] ∈ V Nm′(q). By Lemma 2.6, the geodesic γ′ is N ′-Morse where N ′ depends only on N .
Let N0 = max{N,N ′}. By Lemma 3.3, the geodesic triangle 4(x0, gn(x0), gn([γ′])) is δN0-
slim and the geodesic [x0, gn([γ′])) is N ′0-Morse, where δN0 and N ′0 depend only on N . Let
N1 = max{N ′0, N0}.
α
β
b
x0
gn(x0)
g−1n (x0)
p1 p2
q
gn(q)
[γ′]
gn([γ′])
γ′n γ′
gn(γ′)
γ
gn(γ)
αn
βn
Figure 6.3. Picture in Lemma 6.11. αn = [x0, gn(x0)], βn = g−1n (αn), γ =
[x0, q), [γ′] ∈ V Nm′(q). b ∈ β and d(b, γ′) > 2δN0 + 2 for all [γ′] ∈ V Nm′(q)
Now we use the same notations as in the proof of Lemma 6.9. Let γ = [x0, q), β = [x0, p2).
Fix the point b ∈ β such that d(b, γ) > 2δN0+2+CN , where CN is the constant in Lemma 2.6.
Choose an integer m′ > d(b, x0) + 2δN0 + 2. Note that d(γ′(t), γ(t)) < CN for all t ∈ [0,m′).
Thus d(b, γ′) > 2δN0 + 2 for all [γ′] ∈ V Nm′(q). See Figure 6.3
Let γ′n = [x0, gn([γ′])) and αn = [x0, gn(x0)]. Following the proof of Lemma 6.9, for n > M1
we can find points an ∈ αn and b′n ∈ γ′n such that d(an, b′n) < δN0 for all [γ′] ∈ V Nm′(q).
By the standard argument, d(γ′n(t), αn(t)) < C ′0 for any t ∈ [0, d(x0, an)−δN0 ] and n > M1,
where C ′0 depends only on N . Note that an → p1. There existsM2 such that d(γ′n(t), α(t)) <
C ′0 + 1 for all n > M2 up to subsequence. For any m > 0, we can find k large enough such
that d(x0, an)− δN0 > max{m+2C ′0+2, 6C ′0+6} for all n > k. By Corollary 2.5 in [Cor17],
we have d(γ′n(t), α(t)) < CN for any t < m and all n > k. It implies that gn([γ′]) ∈ V N1m (p1)
for all [γ′] ∈ V Nm′(q) and n > k. 
Proof of Theorem 6.6. By Lemma 5.5, there exists some Morse gauge N such that K ⊂
∂NMXx0 and by Remark 5.6 K is compact in ∂NMXx0 . By Lemma 5.3 we can choose large N
so that gn(x0)→ p1 in ∂NMXx0 and g−1n (x0)→ p2 in ∂NMXx0 . Note that U ∩∂N1M Xx0 is an open
neighborhood of p1 in ∂NMXx0 .
Let N1 be the Morse gauge in Lemma 6.11. Fix a neighborhood V N1m (p1) ⊂ U ∩ ∂N1M Xx0 of
p1 in ∂N1M Xx0 . For any point s ∈ K, we can find some neighborhood V Nns (s) of s in ∂NMXx0\p2.
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For each s there exists an open neighborhood Us ⊂ V Nns (s). Then K is covered by (Us)s∈K .
Since K is compact, there exists a finite set si, i = 1, 2, ..., l and K is covered by ∪li=1Usi
By passing to a subsequence, for each i we have ki such that gn(V Nnsi (si)) ⊂ V N1m (p1) for
all n ≥ ki by Lemma 6.11. Taking k = max{k1, k2, ..., kl}. We conclude that gn(K) ⊂
U ∩ ∂N1M Xx0 for all n ≥ k. 
6.4. Proof of Corollary 6.8. In this subsection we will see that the dynamics of a Morse
isometry g is very simple.
Proposition 6.12. Let g be a Morse isometry of a proper geodesic space X. Then gn(x)→
g+ and g−n(x)→ g− for any point x ∈ X.
Proof. The proof here is similar to that of Lemma 4.5. For any x ∈ X. By the Arzelà-Ascoli
theorem, any subsequence of [x, gn(x)] has a subsequence [x, gni(x)] that converges uniformly
on compact set to a geodesic ray α with α(0) = x. Since [x, gn(x)] is Nx-Morse for some Nx,
so α is Nx-Morse. By Lemma 3.2, the Hausdorff distance dH([x, gni(x)], g([x, gni(x)]) ≤ D
for some D depending only on Nx and d(x, g(x)). It follows that dH(α, g(α)) ≤ D. So a(∞)
is a fixed point of g. It must be g+. We conclude that gn(x)→ g+. 
Corollary 6.13. Let g be a Morse isometry of a proper geodesic space X. Let x0 be a
basepoint of X. Then the sequence gn(q)→ g+ as n→ +∞ for any point q , g− in ∂MXx0.
Proof. Let gi = gi. By Proposition 6.12, the sequence of points gn(x0)( resp. g−n(x0))
converges to g+( resp. g−). Since q , g−, by Lemma 6.9 we are done.

Proof of Corollary 6.8. The weak North-South dynamics theorem for Morse isometries fol-
lows from Theorem 6.6 and Corollary 6.13. 
6.5. Schottky groups. Given a proper geodesic space X, we say two Morse isometries g1
and g2 of X are independent if their fixed points on the ∂MX are disjoint.
Definition 6.14. Let X be a geodesic space. Let Y be a subset in X. We say Y is weakly
stable if there exists a Morse gauge N such that any two points y1, y2 ∈ Y can be connected
by an N -Morse geodesic in X.
Definition 6.15. Let X be a proper geodesic space and let x0 ∈ X be a basepoint. Let G
be a subgroup of Isom(X). We say G is weakly stable with respect to the action if there
exists a Morse gauge N such that a geodesic [x0, g(x0)] is N -Morse for all g ∈ G.
The notion does not depend on choices of geodesics or the choice of basepoint. For a finitely
generated G, consider the natural action on its Cayley graph for some finite generating set.
It is not hard to see that G is weakly stable with respect to this action if and only if G is a
hyperbolic group.
Proposition 6.16. Let g1, g2 be two independent Morse isometries of X. Assume that the
group 〈g1, g2〉 is weakly stable. Then for sufficiently large M ∈ N, elements gM1 and gM2
generate a nonabelian free subgroup of 〈g1, g2〉 and there exists a Morse gauge N such that
every nontrivial element in 〈gM1 , gM2 〉 is N-Morse.
Proof. Let x0 be a basepoint. Assume that the geodesic [x0, g(x0)] is N0-Morse for any
g ∈ 〈g1, g2〉. By Proposition 6.12, by passing to a subsequence we may assume that for
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i = 1, 2, the sequence [x0, g±ni (x0)] converges uniformly on compact sets to an N0-Morse
geodesic ray γ±gi such that γ
±
gi
(0) = x0, γ±gi(∞) = g±i . Given some constants C,m > 0, let
U±i = {g(x0) ∈ X | g is a nontrivial element of G and there exists a geodesic segment αg
between x0 and g(x0) such that d(γ±gi(t), αg(t)) ≤ C for t < m}. Now choose C = 1 + C ′0,
where C ′0 is the constant in the proof of Lemma 6.11. There exists m such that the sets
U±i are nonempty. We can choose very large m such that sets U±i are disjoint. Let X0 =
{x0} ∪ U+1 ∪ U−1 ∪ U+2 ∪ U−2 .
Since the group 〈g1, g2〉 is weakly stable, we can follow the similar proof in Lemma 6.11
to find M > 0 such that g±Mi (X0 − U∓i ) ⊂ U±i for each i. Thus, by the standard ping-pong
argument, 〈gM1 , gM2 〉 is free.
Now we show that every nontrivial element of 〈gM1 , gM2 〉 is N -Morse for some N . It is
enough to show it in the case w is a cyclically reduced word in 〈gM1 , gM2 〉 since every word
is conjugate to a cyclically reduced word and the conjugate of an N ′-Morse element is still
N ′-Morse.
Given µ > 0, following the proof of Lemma 6.9 we can choose large M such that,
d(x0, g±Mi (w′(x0))) > d(x0, w′(x0)) + µ for any w′(x0) ∈ X0 − U∓i . Thus, for any cyclically
reduced word w in 〈gM1 , gM2 〉, we have d(x0, w(x0)) > |w|µ. It follows that d(x0, wn(x0)) >
n|w|µ for n > 0. We conclude that the bi-infinte piecewise geodesic η+∞−∞ =
⋃
k∈Zwk(η) is
a quasi-geodesic where η = [x0, w(x0)]. This path is also Morse since [xi, xj] is N0-Morse.
So the element w is a Morse isometry. Following the proof in Lemma 4.5, there exists an
N0-Morse bi-infinite geodesic γw and w fixes γw(∞) and γw(−∞). So w is N -Morse where
N depends only on N0.

The next proposition is true by an argument to the proof of Proposition 6.16.
Proposition 6.17. Let g1, . . . , gk be k pairwise independent Morse isometries of X. Assume
that the group 〈g1, . . . , gk〉 is weakly stable. Then for sufficiently large M ∈ N, elements
gM1 , . . . , g
M
k generate a nonabelian free subgroup of 〈g1, . . . , gk〉 and there exists a Morse
gauge N such that every nontrivial element in 〈gM1 , . . . , gMk 〉 is N-Morse.
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